We show how the restriction of certain bidirectional hamiltonian systems modelling nonlinear, one-dimensional wave propagation to waves moving in a single direction preserves the hamiltonian structure, even though the perturbation expansion of the bidirectional hamiltonian is not correct. A combination of the two approaches of direct hamiltonian perturbation theory and the method of multiple scales helps explain the apperance of integrable bihamiltonian wave models.
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The most famous example of "unidirectionalization" is the derivation of the Korteweg-de Vries equation as a model equation for the unidirectional propagation of long waves in shallow water. There are two basic perturbation methods which lead to this model. The classical Boussinesq expansion (cf. ref.
[ 11, $ 13.11) rests on the direct introduction of a small parameter E into the problem, and then tnmeating the resulting perturbation expansion at order E. An alternative method, based on multiple time scales and the suppression of secular terms has been used by Ablowitz is a smooth function of u and v and their derivatives with respect to x, which we denote by u, = 8ulCW. The system constitutes a two-dimensional hyperbolic system of conservation laws,
Such models arise in gas dynamics [ 81 and viscoelasticity [ 91, but we will concentrate on those which model bidirectional wave propagation. Usually these come themselves from a perturbation expansion of the full physical problem, e.g. the Boussinesq equations for the problem of surface waves. Let t denote the small parameter in the problem. (In the Korteweg-de Vries equation, E is proportional to the ratios of wave amplitude to depth and of depth squared to wave length squared.) Normalizing the linearized wave speed to 1, we postulate the system be in the form
where the hamiltonian density is now
Some, but not all, of the variants of the Boussinesq equations [ 4, lo] where (=x-t, 9=x+ t are the characteristic variables, representing waves moving in both directions. We can extract the waves moving to the right by setting u= u in the linear system. We therefore specialize to a nonlinear submanifold of unidrectional solutions by postulating a perturbation expansion of the form
Plugging (6) into (3)) and expanding, we find the two equations reduce to
~,+~,+E[D,P+D,E,(H) IU=I,] +O(t2)=0, ~,+~,+E[D,P+D,~E,(H) IU=,]+O(t2)=0. (7)
The goal is to choose the nonlinear term P[ u] in (6) so as to make both equations in (7) agree up to order E. Now
so the two equations in (7) will agree up to order t provided
Consequently, we are led to the choice
as the nonlinear correction. Then (7) reduces to the common unidirectional model
u,+u,+ftD.,[E,(H)+E,(H)] I,=,.=O. (9)
Note that (9) The direct approach always leads to the same model as the multiple scales method used by Ablowitz and Segur [2] . In this method, starting with the bidirectional system (3), we introduce a "slow time" z=E~, and write U=U(X, t, T), v=u(x, t, T), so u,and v, get replaced by u,+ EU, and v,+ tv,. Thus as before. Substituting into (1 1 ), we find that at order t, the secular term in c is =(p, +teD,E,(Hl.=,=,) .
(There is a similar secular term in q, which will lead to an identical model for the waves moving to the left.) To eliminate the secular term, we require that it vanish, so we deduce that q must be a solution to the equation
which is clearly hamiltonian with respect to the hamiltonian operator DC. However, (12) agrees with the direct perturbation model (9) if we set x=r+r/e ) t=Tlc) y,=u.
Thus we deduce that the reason the direct perturbation model is always hamiltonian is the same reason why the identical multiple scales model is also hamiltonian.
However, we should remark that all of the above remarks depend crucially on the form of the initial hamiltonian operator; if the bidirectional model (3) has a different hamiltonian structure, then we have no reason to expect the first order model (either direct or multiple scales expansion) to be hamiltonian. The simplest example I could think of where this occurs is to take g= (
vD, + v, 2(u+ l)Dx+ux 2(u+l)D,+u, > 2vD,+v, '
which is (if we replace u+ 1 by U) the second hamiltonian operator for the shallow water equations, a special case of polytropic gas dynamics when the exponent y=3 [8] and
The bidirectional system is u,+v,+E(2v,,,,+2Uv,,,+U,V,,+2U,U,,,v
+u~u,,+2vv,,,+v,v,,)=0.
In this case P[ U] = -u,,+ u,u, in (6)) and the common unidirectional model is u,+u,+t(u,,,+2uu,,,+u,u,+2uu,u, +2uu~X+u~u,+u,U,,,+u~X)=o) which has no obvious hamiltonian structure or even conserved density to serve as the hamiltonian.
(The multiple scales method will of course lead to the same unidirectional equation.) Many other examples of this type can be readily constructed.
We now compare with the hamiltonian perturba-tion theory of refs. [ 4, 5] . 
retains some, but not all terms of order c'. In our particular case, on the unidirectional submanifold (6)) the hamiltonian itself has expansion
Skew-symmetrizing, we find the perturbed hamiltonian operator, is, to first order, IT, = $EHI,=, .
On the other hand, the hamiltonian perturbation method shows that it is in the form
These are the same equation, so the order t terms must agree; therefore
an equation that is reminiscent of the bihamiltonian condition of Magri. We do not have any guarantee that the skew-adjoint operator 9, is actually hamiltonian; however, in many cases, we can assert that the unidirectional model (9) is actually a bihamiltonian system, and hence "completely integrable" by Magri's theorem.
Proposition. If the skew-adjoint operator I would like to thank Harvey Segur, who originally raised the questions concerning the earlier results on hamiltonian perturbation theory that led to this paper.
